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Modulational instability of random phase plasmons in collisional plasmas
P. K. Shukla, L. Stenflo,a) and R. T. Faria, Jr.b)
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~Received 3 April 1998; accepted 4 May 1998!
The modulational instability of random phase Langmuir waves in an unmagnetized collisional
plasma is investigated. The growth rate of the instability is presented in several interesting limiting
cases. The relevance of this investigation to space and laboratory plasmas is pointed out. ©1998
American Institute of Physics.@S1070-664X~98!01108-2#
I. INTRODUCTION
In the sixties, Vedenovet al.1,2 presented an investiga-
tion of damping and instability of ion-acoustic waves~IAW !
in the presence of random phase plasmons in an unmagne-
tized, collisionless plasma. Thus, the dynamics of randomly
distributed plasmons~Langmuir waves! is governed by a
wave kinetic ~Liouville! equation,1–3 which describes the
modulation of the plasmon distribution in a slowly varying
medium containing low-frequency electrostatic density per-
turbations associated with the IAW. The spectrum of the
latter is, in turn, modified by the ponderomotive force of an
ensemble of random phase plasmons. It has been found that
the IAW either anomalously damp or grow depending upon
the shape of the Langmuir wave spectra.
On the other hand, in his classic paper, Zakharov4 re-
ported the modulational instability and collapse of a coherent
Langmuir wave ~LW! in an unmagnetized collisionless
plasma. Here, the dynamics of the LW is governed by a
nonlinear Schro¨dinger equation. Zakharov found that a long
wavelength wave interacting with short wavelength nonreso-
nant electrostatic density perturbations generates shorter
wavelength Langmuir sidebands. The low-frequency pon-
deromotive force, arising from the nonlinear interaction be-
tween the sidebands and the original LW, in turn, reinforces
the density modulation. Furthermore, a spherically symmet-
ric LW undergoes a temporal collapse which can cause sig-
nificant electron heating.
However, in a collisional plasma, there appears a differ-
ential Joule heating of the electron by the high-frequency
wave electric field due to the collisional effect. For coherent
waves, the Joule heating nonlinearity typically dominates5–7
over the ponderomotive forces when the electron-ion colli-
sion frequency (ne) is larger than the modulation frequency.
In this paper, we present an investigation of the modu-
lational instability of random phase Langmuir waves in a
collisional plasma, taking into account the combined effects
of the ponderomotive force~PF! and the differential Joule
heating ~DJH! nonlinearity. For this purpose, we derive a
nonlinear dispersion relation~NDR! by employing the Liou-
ville equation for the plasmons, and an equation for the ion-
acoustic disturbances in the presence of the PF and DJH
drivers. Assuming that the modulation frequency is much
smaller thanne , we analyze the NDR by choosing a specific
term of the broadband Langmuir wave energy spectrum.
New classes of modulational instabilities are found.
II. DERIVATION OF THE DISPERSION RELATION
We consider an ensemble of random phase broad band
LW in an unmagnetized collisional plasma. The nonlinear
propagation of randomly distributed plasmons is governed







whereNk5^uEku2&/4pvk is the number density of the plas-
mons,Ek is the electric field,vk5(vpe
2 13k2y te
2 )1/2(@ne) is
the Langmuir wave frequency,vpe5(4pnee
2/me)
1/2 is the
electron plasma frequency,ne(me) is the electron number
density ~electron mass!, e is the magnitude of the electron
charge,y te5(Te /me)
1/2 is the electron thermal velocity, and
Te is the electron temperature. Furthermore,vg5]vk /]k is
the group velocity of the plasma waves, and the force acting
on the quasiparticles~plasmons! due to the density modula-






wheredne5ne2n0(!n0) is the perturbation in the equilib-
rium electron number densityn0 that is produced by the
presence of the plasmons in a slowly varying collisional me-
dium.
The dynamics of low-phase velocity~in comparison with
the electron thermal velocity! density modulations in colli-
sional plasmas is governed by a set of hydrodynamic









the electron energy equation
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the ion continuity, the ion momentum, and the ion energy



























Equations ~1!–~7! are closed by invoking the quasi-




2)Nk /vk , f is the electro-
static potential, andTj5Tj2Tj 0(!Tj 0) is the perturbation
in the equilibrium temperatureTj 0 of particle speciesj
~j equalse for the electrons andi for the ions!. Furthermore,
xe53.2y te
2 /ne is the coefficient of the electron thermal con-
ductivity, x i53.9y t i
2 /n i is the coefficient of the ion thermal
conductivity,y t i5(Ti0 /mi)
1/2 is the ion thermal velocity,mi
is the ion temperature, andn i is the ion collision frequency.
The left-~right-! hand side of Eq.~3!@Eq. ~4!# represents the
ponderomotive force~differential Joule heating nonlinearity!
associated with randomly distributed plasmons.
Equations~3!–~7! are now combined by assuming that
dne5dni[dn and dTe'dTi[dT. From ~3!, ~5!, and ~6!,
we then obtain








whereas by adding Eqs.~3! and ~4!, we have







25T/mi , T5Te01Ti0 , x5xe1x i , and vp0
5(4pn0e
2/me)
1/2 is the unperturbed plasma frequency. It
should be stressed that the assumptiondTe'dTi is justified
9
only as long as the energy exchange time (mi /mene) be-
tween the electrons and the ions is short compared to the
typical growth time for the modulation interactions. On the
other hand, when the modulation frequency is larger than
(me /mi)ne , we have a weak coupling betweendTe and
dTi , as discussed in the Appendix.
Combining Eqs.~8! and ~9!, we obtain










2 F ]]t2 x3 ¹21 43 neG¹2(k ^uEku2&. ~10!
Equations~1! and ~10! are the desired equations for the
study of the modulational instability~MI ! of broadband plas-
mons.
The nonlinear equation for the MI can be derived by
letting dn}exp(iq–r2 iVt) and Nk5Nk01dNk exp(iq–r
2 iVt), wheredNk!Nk0 , andq~V! is the wave vector~fre-
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2x/3, n f54ne/3, a52pe
2/memivpe , and Nk
0
5uEk
0u2/4pvpe is the unperturbed plasmon number density.
















whereV is the volume of the system and
I 5E q•]^uEk0u2&/]kV2q•vg dk.
III. ANALYSIS
Several comments are in order. In the absence of colli-
sions and temperature perturbations, Eq.~13! exactly reduces
to that of Vedenovet al.1,2 On the other hand, Eq.~13! can
be analyzed in several limiting cases. First, we note that for













which admits an oscillatory modulational instability. Second,








whereW0 is the maximum plasmon electric field energy den-
sity corresponding to a mean plasmon wave numberk0 , D
represents the width of the plasmon spectrum, andL is the
length of the system.
Substituting Eq. ~15! into Eq. ~13!, and replacing
V/(2p)3 by L/2p in Eq. ~13! for this one-dimensional prob-
lem, we obtain
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2 ~V1 iG!W~j0!, ~16!
where lDe5y te /vp0 is the electron Debye length,G5vx




We present analytical results for the collisional modula-
tional instability by assuming thatvx@V andj0@1. Here,

















which admits an oscillatory modulational instability.
Next, we consider the case withV!qya and V5qy0









To summarize, we have investigated the modulational
instability of random phase plasmons in an unmagnetized
collisional plasma. Thus, we have generalized the work of
Vedenovet al.1,2 by including the electron and ion energy
equations as well as the differential Joule heating nonlinear-
ity. The latter, which dominates over the ponderomotive
force when the electron collision frequency is much larger
than the modulational frequency, is responsible for new
classes of modulational instabilities. This has been demon-
strated by analyzing the newly derived nonlinear dispersion
relation for weakly collisional plasmas that contains a broad-
band turbulence spectrum of Langmuir waves. In conclusion,
we stress that the results of the present investigation should
help to understand the nonlinear instability of random phase
Langmuir waves in low-temperature collisional plasmas such
as those in the Earth’s lower ionosphere, as well as in many
radio frequency laboratory discharges in which the electron
beams can linearly excite a broad spectrum of Langmuir
waves due to a two-stream instability.
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APPENDIX: EQUATIONS FOR dTeÞdTi
Here, we discuss the structure of the dispersion relation
when the electron and ion temperture perturbation are not
equal. In such a situation, we can combine , Eqs.~5! and~6!,
and eliminate the ambipolar potentialf by using Eq.~3! and
invoke the quasi-neutrality conditiondni5dne[dn. The re-
sultant equation is








On the other hand, foru] tu@(me/mi)ne, Eqs.~4! and~7!
take the form








S ]]t 223x i¹2D dTi2 2Ti03no ]dn]t 50. ~A3!
Equations~A1!–~A3! are the desired set for the low-
frequency driven response in a collisional plasma when the
energy exchange time between the electrons and the ions is
arger than the typical growth time of the modulational in-
stability. Combining Eqs.~A1!–~A3! we readily obtain







S ]]te14ne3 D¹2(k ^uEku2&, ~A4!
where v t i5(TiO/mi)
1/2 is the ion thermal velocity,vs
5(Te0/mi)
1/2, and ]/]t j5(]/]t)2x j¹
2. We note that for
u]/]tu@x j¹2, Eq. ~A4! is similar to Eq.~10!. Thus, forv
@vx(!n f), the collisional modulational instability result, as
presented in Sec. III, will remain intact even for unequal
electron and ion temperature perturbations.
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